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LETTER TO THE EDITOR 

Electron-positron interaction in metals: momentum 
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Abstract. The momentum dependence of an effective enhancement factor is investigated 
both for itinerant and core electrons. The local density approach is applied to describe 
electron-positron interaction. 

The possibility of over-enhancement of HMC is predicted for the first time. The results 
obtained for core electrons are consistent with experimental data. It is shown that for some 
momenta electron-positron attraction can give not only enhancement, but also damping of 
the probability annihilation. 

For a proper interpretation of the angular correlation of positron annihilation radiation 
(ACPAR) data, knowledge of the influence of the electron-positron (e-p) interaction on 
the e-p momentum density p ( p )  is of vital importance. 

The question of the enhancement (due to the e-p interaction) of the contribution 
of conduction electrons to the ACPAR spectra has been extensively investigated both 
theoretically and experimentally. However, most papers deal with positron annihilation 
with electrons inside the central Fermi surface (FS) (in the extended zone scheme). As 
regards the enhancement of higher-momentum components (HMC) only few papers have 
been devoted to this problem [l-51 (and references therein). 

There is also a lack of information about the enhancement factor (EF) for ionic core 
electrons and its momentum dependence, except for some average values in low- and 
high-momentum regions [6-81. It turns out that at the beginning of each series of metals 
(Na to Al, K to Zn and Rb to Cd) there is a large difference between these average 
values of core EFS in the high- and low-momentum regions. However, at the end of each 
series the difference between the two averages is still much smaller. Thus, a constant 
core EF is an acceptable approximation in e.g. A1 [9] or Cu [lo], but completely unsatis- 
factory in alkali metals. Two-dimensional ACPAR measurements in alkali metals for the 
[110] orientation are able to separate out the core annihilation in some momentum 
regions, and it was indeed verified that a constant EF for core electrons is not sufficient 
to describe the core contribution [l]. 

The local density approximation proposed by Daniuk and co-workers [ 11, 121 follows 
the Thomas-Fermi philosophy and is a generalisation of the corresponding approxi- 
mation which is so efficient in determining the crystal potential. So, it seems to be 
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interesting to apply it to calculate the momentum of the EFS both for valence HMC and 
ionic core electrons (the problem of the EF for ionic core electrons seems to remain an 
enigma-c.f. [ 131). 

We discuss our results by using Na as an example. 
We first make some basic assumptions. According to [ 11,121, the momentum density 

of annihilation pairs (MDAP) may be expressed as 

where p represents the photon-pair momentum, and Ijfk,Jr) and ~ , + ( r )  are the 
wavefunctions of the annihilating electron and the thermalised positron, respectively. 
The function &[Xk,n(r), r,(r)] is the electron gas EF applied locally within the unit cell. 
Xk,, ,(r)  = (Ek,, - v(r))/(EF - V(r ) )  represents the ratio of local kinetic energies (here 
Ek.n is the electron energy, EF the Fermi energy and V(r) is the crystal potential) and 
rs(r) is the local electron density parameter. Setting E = 1 in ( l ) ,  we obtain the MDAP 
within the independent particle model (IPM), hereafter denoted as pIPM(p). 

The effective momentum-dependent EF [5]  is defined as 

In both valence and ionic core MDAP calculations, the EF of Rubaszek and Stachowiak 
[ 141 and Rubaszek and co-workers [ 151 was used. The corresponding E(p) will be denoted 
as E , ( P )  (valence) and E&) (core), respectively. 

As concerns the study of the EFS for the HMC, we will use the notion of de-enhancement 
if E,(k + G )  < E,(k) and the notion of over-enhancement if En(k + G )  > Efl(k), where G 
denotes a reciprocal lattice vector. 

We first present results for the valence electrons. The band structure of alkalis and 
their valence MDAP were calculated along the principal crystallographic directions by 
means of the linear-muffin-tin-orbitals (LMTO) method [ 161. 

In figure l(a) we present the results obtained for Na in the [110] direction. The E,(p) 
corresponding to &[XkJr ) ,  rs(r)] applied in equation ( 2 )  is represented by the full curve. 
It can be seen that E&) for HMC differsfrom that in the central FS. In order to understand 
such a behaviour of d,(p) in the region of HMC, we studied the influence of Xk.n(r) and 
rs(r) separately on the shape of &(p)  by changing the variables in E (in equation (2)). 
Taking E = rs = 3.93) (i.e. using V(r)  = 0 in X k J r ) )  and E = ~ ( 0 ,  rs(r))  we 
obtained the corresponding effective EFS denoted as &:(p)  and E >  ( p ) ,  respectively 
(figure l(a)). In order to compare the momentum dependence of the above EFS we also 
present them after normalising their values ( forp = 0) to unity (figure l(b)).  

Since we have only one band, the & f ( p )  represented by a broken curve in figures l(a) 
and l ( b )  is periodic according to the reciprocal lattice vectors (i.e. the enhancement of 
the central FS and HMC is the same) [5]. It may be treated as a reference for comparison 
with B,(p) and E?(p).  The shape of & > ( p )  is very similar to the ratio y v ( p )  = 
pIPM(p>/pe(p), where p e ( p )  denotes the electron momentum density. The y,(p) gives 
also the ‘over-enhancement’ of the first HMC for Na in the [110] direction (in the IPM 
approximation)-i.e. the influence of the positron wavefunction Q, +(r) with respect to 
pe(p) is qualitatively similar to the effect of ~ ( r )  = ~ ( 0 ,  rs(r))  with respect to pIPM(p). 

For all calculated cases (Li, Na and K for the [loo] and [110] directions) we obtained 
almost constant values of E>(p) inside FS and its rather strange behaviour for HMC: an 
over-enhancement or de-enhancement of HMC depending on crystallographic directions 



Letter to the Editor 6323 

Figure 1. (a) Effective enhancement fac- 
tors for valence electrons in Na in the [110] 

- . _ . _ . -  , t :S (p ) .  ( b )  The above .E nor- 
r 2 N 6 r 10 malised to unity (forp = 0) where y , (p )  = 

pLPM(p)/pe(p) is also shown ( .  . . .). 

direction: - t & ( p ) ;  - - - - >  %J); 

p lmrad) 

even in the same metal. One can see that the r dependence of E connected with the r, 
dependence of EF applied in equation ( 2 )  has a strong influence on the shape of E,(p) for 
HMC. 

We now present results for the ionic core electrons. 
The MDAP p,,&) corresponding to the nlth ionic core shell was determined accord- 

ing to the formula: 

where Rnl(r) is the radial electron wavefunction computed relativistically using the 
method given in [17] with the Hedin and Lundqvist exchange-correlation potential [B]. 

The radial positron wavefunction has been obtained using the same potential as 
for electrons but with opposite sign while the exchange-correlation part has been 
subtracted. As concerns the EFS used for core electrons, the negative values of X,,(r) 
(whenever they occur) were substituted by zero as the electron gas EF is defined only for 
non-negative Xnl. Negative kinetic energies are due to tunnelling, which is a quantum 
effect neglected in the Thomas-Fermi approach, this last forming the basis of the local 
density approximation expression by equation (1) (c.f. equation ( 3 ) ) .  Note that these 
results are in principle the same as those obtained by using E = &[Xnl(r) = 0, rs (r ) ]  in 
equation ( 3 ) .  Moreover, as follows from the analysis of the experimental data [12,19], 
the momentum dependence of the EF for high electronic densities (r,  < 2 )  obtained on 
the basis of the Kahana theory [15] is overestimated. For those reasons it was assumed 
(as an experimental fact) that for these densities the EF does not depend on momentum. 
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, effective enhancement 

Na. -- - -, average values of E,in the low- 
and high-momentum regions [ 6 . 7 ] .  

40 60 0 2 0  

p imradl 

P (mradl states 

The above procedure was applied to alkali metals. In figure 2 we present the 
momentum-dependent total effective core EF E,(p) for Na and in figure 3 the partial EF 
.Ec,&) for Is, 2s and 2p states in Na. As can be seen, after increasing to a maximum at 
about 6 mrad the & ( p )  decreases, even reaching values less than one in the interval 
between 16 and27 mrad. Such a behaviour (i.e. E < 1) will be called ‘damping’ in contrast 
to ’enhancement’ (i.e. i. > 1). 

In the high-momentum region the E,(p) oscillates around some value which is not 
very far from the corresponding average value (1.27) calculated in [6]. Also the average 
of E ,  in the low-momentum region determined previously by the comparison of theor- 
etical IPM and experimental ACPAR results (equal to 2.92 in [6]) corresponds quite well 
with the present E,. A similar agreement of the averages [6] with the present momentum- 
dependent results has been found in K ,  Rb and Cs. 

Note that in some particular cases the EF diverges when pIPM(p) + 0 and p ( p )  # 0, 
and is equal to zero when p ( p )  = 0 (see figure 3). This situation takes place quite often 
as the employment of E in equation (1) shifts the zeros of p ( p )  relative to the zeros of 
pIPM(p). In that case wild oscillations take place. Such a behaviour of E,(p), i.e. strong 
oscillations of E,(p) for momenta greater than 40 mrad was also obtained for Li, K,  Rb 
and Cs. 

It is worth emphasising that the application of the momentum-independent EF leads 
(for a given state) to strongly momentum-dependent E,(p). 
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To conclude, the core EFS obtained for alkali metals are consistent with the average 
values obtained earlier by comparison of theoretical and experimental results [6,7]. It 
is shown that in some momentum regions the e-p attraction may lead not only to the 
enhancement of the annihilation probability, but also to damping (i.e., the attraction 
decreases the annihilation probability). 

At present we are not able to answer the question as to whether for higher momenta 
( p  > 40 mrad) the core EFS increase with increasing momentum (as is suggested in 
[20,21]) or whether they tend asymptotically to a constant value [6,7]. However, in this 
momentum region the densities are very small and it is difficult to obtain reliable values 

As concerns the EFS for HMC, one may obtain over-enhancement or de-enhancement 
(depending on crystallographic directions) even in the case of the same metal. The 
effect of the over-enhancement was obtained theoretically in Mg, in agreement with 
experimental data [19]. 

It may be concluded that the local density enhancement treatment of Daniuk and 
co-workers [ll, 121 leads not only to a selective enhancement of different electronic 
states but is also capable of yielding momentum-dependent EF both for HMC of itinerant 
electrons and for ionic core electrons. Note here that such an approach has been 
successfully applied to positron annihilation in metals [22,23], and metal vacancies [24] , 
and also to ACPAR spectra for positrons trapped at an A1 surface 12.51 giving, for the first 
time, the change of the anisotropy direction in the shape of theoretical ACPAR spectra in 
agreement with experimental data. Of course, only a detailed comparison of theoretical 
and experimental results for different metals could verify the correctness of such a 
treatment and of the corresponding results. 

of % ( P I .  

We are very grateful to the authors of the paper [16] for making available their crystal 
potentials for alkali metals. 
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